Blow-up in a three-species cooperating model  by Kim, Kwang Ik & Lin, Zhigui
Available at 
www.ElsevierMathematics.com 
Applied 
COlllCD .” *ClENCC DIRECT* 
Applied Mathematics Letters 17 (2004) 8!394 
Mathematics 
Letters 
www.elsevier.com/locate/aml 
Blowup in a Three-Species Cooperating Model 
KWANG IK KIM 
Department of Mathematics, Pohang University of Science and Technology 
Pohang, 790-784, Republic of Korea 
kimkiQpostech.ac.kr 
ZHIGUI LIN 
Department of Mathematics, Yangzhou University 
Yangzhou 225002, P.R. China 
zglin68Qhotmail.com 
(Received and accepted August 200.2) 
Communicated by M. Slemrod 
Abstract-The properties of solutions for a parabolic system with homogeneous Dirichlet bound- 
ary conditions, which arises in a cooperating three-species food chain model, are investigated. ‘It is 
shown that global solutions exist if the intraspecific competitions are strong whereas blowup solutions 
exist under certain conditions if the intra-specific competitions are weak. @ 2004 Elsevier Ltd. All 
rights reserved. 
Keywords-Competition, Global existence, Blowup. 
1. INTRODUCTION 
In this paper, the blowup properties of solutions are studied in the following semilinear parabolic 
system: 
ult - d1Au1 = ul(ul - clul + elug), in &, 
wt - dzAu2 = ~~(a2 + b2~1 - czw + ezus), in f&, 
u3t - dsAU3 = u3(a3 + bm - c3u3), in nT, (1.1) 
u1 (q t) = u&, t) = u&l& t) = 0, on ~302~~ 
Ui(? 0) = %,0(Z), for i = 1,2,3, in 0, 
where the domains flT and dflT are defined as, respectively, ti x (0, T) and 80 x (0, T). Here fi 
is a bounded domain in RN with smooth boundary XL T is the maximal existence time of the 
solution. U~,O is a smooth function satisfying the compatibility condition u~,o(z) = 0 for z E Xl. 
The above problem (1.1) arises in a simple food chain describing three interacting species in a 
spatial habitat R. ui represents the spatial density of the ith species at time t and di represents 
its respective diffusion rate. The real number a, is the net birth rate of the ith species and ci is 
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its respective intraspecific competition. The parameters bi and ei are interspecific cooperations. 
Here we have assumed that the presence of one species encourages the growth of the preceding 
one and vice versa. The boundary conditions in (1.1) imply that the habitat is surrounded by a 
totally hostile environment. 
This work is motivated from the following discussions on the solutions for a semilinear parabolic 
system: 
ult - diAui = ui(ui - ciur - eiuz), in SIT, 
u2t - &Au2 = uz(u2 + bzui - czuz - ezus), in OT, (14 
u3t - dsAus = u3(u3 + bsuz - c3u3)r in flT, 
where the third species is the predator of the second one and the second species is the predator 
of the first one. Lopez-Gomez and Pardo [l] gave the global classical positive solutions of (1.2) 
under Robin boundary conditions. Compared with the solutions of (1.2), there is a quite different 
behavior of solutions in (1.1). The solutions of (1 .l) will blow up under some assumptions because 
of the quasimonotone nondecreasing of reaction functions in (1.1). Here we say the solution 
(ui, uz, us) blows up in a finite time T > 0 if 
j~m,m;x(lul(~,t)l + luz(.,t)l + lu3(.,t)l) = +m 
If us = 0, (1.2) becomes the following Volterra prey-predator model: 
uit - diAui = ui(ur - ciui - eius), in flT, 
wt - d2Au2 = ~(~22 + bzul - c2u2), in flT, (1.3) 
and (1.1) becomes the cooperating two-species Lotka-Volterra model 
ult - dlAur = ur(ai - clul + eiuz), in flT, 
u2t - dzAuz = uz(a2 + bzul - c2u2), in 0~. (14 
Pao [2] proved that the solution of (1.3) under the homogeneous Dirichlet or Robin boundary 
conditions with any nonnegative initial data is unique and global, while the blow-up solutions 
of (1.4) are possible when the two species are strongly mutualistic (bzel > tics), which means 
that the geometric mean of the interaction coefficients exceeds that of population regulation 
coefficients. 
Based on the above results, we are mainly interested in studying the blowup properties of the 
solution. It is shown that if the problem 
+ cl5 - ely > 0, 
- bzx + c2y - ezz > 0, (1.5) 
- b3y + ~3% > 0, 
has a positive solution, then the solution of (1.1) with any nonnegative data is global whereas, if 
problem (1.5) has a negative solution, then the solution of (1.1) with any nontrivial nonnegative 
data will blow up provided that ui > dJ or the initial data is large enough. There are related 
works on the blowup solutions [3,4]. In a recent paper, Lou et al. [5] considered problem (1.4) 
with homogeneous Neumann boundary conditions and gave a sufficient condition on the initial 
data for the solution to blow up in a finite time. For the further related parabolic systems, readers 
can refer to [1,2,6-g] and the references therein. 
This paper is arranged as follows. In Section 2, conditions for the local existence and uniqueness 
of solutions are established and the comparison principle for a bounded domain is given. In 
Section 3, sufficient conditions for the existence and nonexistence of global solutions are derived. 
2. PRELIMINARIES 
In this section, we first establish the local existence and uniqueness conditions for the solutions 
of (1.1) and then the comparison principle is given. 
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LEMMA 2.1. Let s1 be a bounded domain with boundary of class C1+Or and let ui,c(zr) E Cl(G) 
with UQ(X) = 0 for x E dR. Then there exists T > 0 such that problem (1.1) admits a unique 
solution (ur(z, t), u~(x, t), us(1c, t)) with ui E C(fi x [O, T)) n C2>l(0~). 1f.T < oo, then 
j~~m;x(lul(~,t)l + Iu2(.,t)l + (~3(.,t)l) = +m 
PROOF. Define w = Av to be a solution of 
wit - dlAwl = ~I(UI - clvl -t em), in K?T, 
w2t - d2Awz = v2(u2 + bm - ~27~2 + em), in &, 
wgt - d3Aw3 = 1/3(u3 + bm - c3v3)r in &, (2.1) 
WI(X) = w2(z) = w3(5) = 0, on dR7, 
w,(x, 0) = %,0(X), for i = 1,2,3, in a. 
Then the local existence result follows from the fixed point argument (see [lO,ll]). Since the 
reactions in (2.1) are differentiable in vi, one can see from the explicit formulas for Av that A is 
a strict contraction map on the ball of radius M in C(fi x [0, Tr]) as long as 2’1 is small enough, 
so that the fixed point is unique and therefore local solution of (1.1) is unique. The asserted 
interior regularity follows from the Holder estimates and the continuity of pi in fi x [0, T). 
Now, if (u~,u~,Q) is a solution in Q x [O,T), bounded in 0 x [O,T), then (ur,~2,~3) may be 
extended to R x [O,T + 6) for some S > 0. I 
The following lemma gives the comparison principle where the conclusion of this lemma follows 
from the strong Maximum principle [la]. By the upper and lower solutions for (ur(x, t), u~(x, t), 
~3(2,t)) of problem (l.l), we mean that ulLi E C(fi x [0, T)) n C21’(0~) and satisfies (l.l), where 
the equality signs in (1.1) are replaced by the inequality signs 2 (respectively, 5). 
LEMMA 2.2. Suppose R is a bounded domain with smooth boundary 8R. Let (?ii,?iz,;iis) and 
(gi, g2, 3) be a upper and a lower solution of (1.1), respectively. If a,(z, 0) > 0, then U,(zz, t) > 
gi(z,t) in fi x [O,T) for i = 1,2,3. Moreover, if G~(z,O) $ ?&(x,0) > gi(z,O), then 7&(x$) > 
gi(x, t) in 0~ for i = 1,2,3. I 
REMARK 2.1. Since (0, 0,O) is a unique solution of (1.1) with u,(z,O) E 0, Lemma 2.2 implies 
that if (ui;u2, us) is the nonnegative solution of (l.l), then ui G 0 or ui > 0 in !+ for i = 1,2,3. I 
3. GLOBAL EXISTENCE AND NONEXISTENCE 
In this section, sufficient conditions for the existence and nonexistence of global solutions 
in (1.1) are established. 
THEOREM 3.1. If (1.5) h as a positive solution, then for any nonnegative initial data, prob- 
lem (1 .l) has a unique global solution (~1, ~2, us), which is uniformly bounded in fi x [0, a). 
PROOF. To show this, it suffices to construct a bounded positive upper solution of (1.1). Let 
(Q,v~,Q) be a positive solution of (1.5), that is 
fclrll - elrl2 > 0, 
- bm f ~2772 - em > 0, 
- km + ~3773 > 0, 
and let (zL~,u~,E~) = (pnr,pnz, pr/3), where p > 1 is a constant such that (ui,e, u~,o,u~,o) 5 
(PW , m1 ~773 ) and 
al - clprll + elprl2 5 0, 
a2 + bzm - c~p772 + e2pq3 I 0, 
a3 + b.vm - ~3~173 5 0. 
Then (~l,?&,;li3) = (p~,pq2,pv3) is the upper solution of (1.1). Further, ?ii is global and 
uniformly bounded, and thus, the conclusion of this theorem follows. I 
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THEOREM 3.2. If (1.5) has a negative solution, then we have 
(i) the solution of (1.1) with any nontrivial nonnegative initial data blows up provided that 
a, 2 diX for i = 1,2,3, where X > 0 is the first eigenvalue of Laplace operator subject to 
the homogeneous Dirichlet boundary condition; 
(ii) the solution of (1.1) blows up for any ai 2 0 provided that the initial data is large enough. 
PROOF. To show this, it suffices to construct a lower solution of (1.1) that blows up at a finite 
time To. Let (al,u,,gs) = (&w,&w,Ssw), where & is some positive constant. Let w be a 
nonnegative function in !=I x (O,T,) which is unbounded in R at some 970 < foe. Further, let 
w(x,t) = 0 for z E Xl. Then, from Lemma 2.2, (~,,~~,~s) is a lower solution of (1.1) in 
R x [O,To) if 6iw(z, 0) 5 Us in R for i = 1,2,3 and 
wt - dlAw 5 w(al - ~161~ + el&w), in R x (O,To), 
wt - dzAw 5 w(az + by51w - c&w + es&w), in R x (O,To), (3.1) 
wt - d3Aw 5 w(ag $ bsbzw - c&w), in R X (O,To). 
Noting the assumption in this theorem, let (-6 1, -62, -63) be a negative solution of (1.5) with 
& > 0. Then 
- cl61 + elS2 > 0, 
+ bdl - ~262 + e& > 0, 
+ b&t - c&j > 0. 
Now. set 
d = max {d,‘, d;l d-l T 317 
b = min (-cl& + el&) (Ml - ~262 + e&) (b3d2 - c3b3) 
dl 
t 
6 
, 
& 1. 
Then a, b, d > 0, and thus, (3.1) holds if 
dr’wt-Aw<w(a+bw), 
dylwt - Aw 5 w (a + bw) , 
dT1wt - Aw 5 w (a + bw) . 
Hence, by choosing w as the solution of the scalar problem 
dwt - Aw = w(a + bw), 
(3.1) holds provided that wt 2 0. 
(3.2) 
Now for an arbitrary nontrivial nonnegative initial data (U 1,~,~2,0,us,~), the solution of (1.1) is 
positive for t > 0 by Lemma 2.2. Further, we may assume that ui(z,O) > 0 for z E R; otherwise 
replace the initial function (u~(z, O),U~(~,O),U~(Z,O)) by ( Ul 2, 1 ,u2 2, 1 ,u3 z, 1 ( t ) ( t ) ( t )) for some 
tl > 0. Since then the initial data is positive, there exists a nontrivial nonnegative function q/~(z) 
such that 
W(x) I Ui(X, O), for i = 1,2,3, in 0, 
A?Lb) + ?l(a + W)(x) 2 0, iti n, 
*(xl = 0, on XI, 
and define w* be the solution of (3.2) with homogeneous Dirichlet boundary condition when 
w(z,O) = 4(z). Then, by Lemma 3.3 in the following, w* is monotone nondecreasing in t. 
Moreover, it follows from comparison principle provided in Lemma 2.2 that q(x, t) 2 &w*(z, t) 
in R x [0, TO) for i = 1,2,3. Hence, (~1,~2,~) = (&w*, &w*, Ssw*) is a lower solution of (1.1). 
On the other hand, the following Lemma 3.4 ensures the existence of a finite TO such that the 
solution w* exists in R x [O,To) and is unbounded in Q as t -+ TO. Thus, the solution of (1.1) 
cannot exist beyond TO and is nonglobal. I 
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LEMMA 3.3. Let w(z, t) be a nontrivial nonnegative solution of 
dwt - Aw = w(a + bw), 
w(5, t) = 0, 
4x, 0) 1 0, 
in fly, 
on 6%T, (3.3) 
in R. 
Then, if Aw(z, 0) + w(a + bw)(z, 0) 2 0, wt(z, t) > 0 in QT. 
PROOF. Using the comparison principle and the assumptions on w(z, 0), we get w(z, t) 2 w(z, 0) 
in &F. Then, using again the comparison principle yields w(z, t + E) > ~(5, t) in R x (0, T - E). 
for an arbitrarily small E > 0. Hence, ~~(5, t) 2 0 in &. I 
LEMMA 3.4. A11 nontrivial nonnegative solutions of (3.3) are nonglobal if a >_ X or the initial 
data is large enough (see (3.7)). 
PROOF. Let X > 0 be the first eigenvalue of Laplace operator subject to the homogeneous 
Dirichlet boundary condition and 4 > 0 be its corresponding eigenfunction which is chosen to 
satisfy & 4(z) = 1. Define 
F(t) = 
s 
~(x)w(x, t) dx. 
R 
Then, using the equation in (3.3) and integrating by parts yield 
d&(t) = -XF(t) + 
s 
~(x)w(u + bw)(x) drc 
R 
= (u - X)F(t) + b R 4(x)w2(x) dx J’ 
2 (a - X)F(t) + bF2@)l 
where the last inequality follows from Jensen’s inequality. Hence, if a 2 X or 
F(O) = 
.i 
X-a 
R 
$J(x)w(x, 0) dx > b 3 (3.7) 
F(t) blows up in a finite time. Therefore w(z,t) is not bounded on this finite time interval. 1 
REMARK 3.1. If the intraspecific competitions are strong, it is easy to see that (1.5) has a positive 
solution so that Theorem 3.1 implies the solution of (1.1) is global. On the other hand, if the 
intraspecific competitions are weak, (1.5) has a negative solution so that Theorem 3.2 implies the 
solution of (1.1) may blow up. I 
REMARK 3.2. If ZL~ E 0, then (1.5) has a negative solution if and only if eib2 > clc2 and has a 
positive solution if and only if erba < crc2. Thus, our global existence and nonexistence results 
are consistent with that of Pao in [a]. I 
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